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We study the effective interaction mediated by strongly coupled Coulomb fluids between dielec-
tric surfaces carrying quenched, random monopolar charges with equal mean and variance, both
when the Coulomb fluid consists only of mobile multivalent counterions and when it consists of an
asymmetric ionic mixture containing multivalent and monovalent (salt) ions in equilibrium with an
aqueous bulk reservoir. We analyze the consequences that follow from the interplay between surface
charge disorder, dielectric and salt image effects, and the strong electrostatic coupling that results
from multivalent counterions on the distribution of these ions and the effective interaction pressure
they mediate between the surfaces. In a dielectrically homogeneous system, we show that the multi-
valent counterions are attracted towards the surfaces with a singular, disorder-induced potential that
diverges logarithmically on approach to the surfaces, creating a singular but integrable counterion
density profile that exhibits an algebraic divergence at the surfaces with an exponent that depends
on the surface charge (disorder) variance. This effect drives the system towards a state of lower
thermal ‘disorder’, one that can be described by a renormalized temperature, exhibiting thus a re-
markable antifragility. In the presence of an interfacial dielectric discontinuity, the singular behavior
of counterion density at the surfaces is removed but multivalent counterions are still accumulated
much more strongly close to randomly charged surfaces as compared with uniformly charged ones.
The interaction pressure acting on the surfaces displays in general a highly non-monotonic behavior
as a function of the inter-surface separation with a prominent regime of attraction at small to inter-
mediate separations. This attraction is caused directly by the combined effects from charge disorder
and strong coupling electrostatics of multivalent counterions, which dominate the surface-surface
repulsion due to the (equal) mean charges on the two surfaces and the osmotic pressure of monova-
lent ions residing between them. These effects can be quite significant even with a small degree of
surface charge disorder relative to the mean surface charge. The strong coupling, disorder-induced
attraction is typically far more stronger than the van der Waals interaction between the surfaces,
especially within a range of several nanometers for the inter-surface separation, where such effects
are predicted to be most pronounced.
I. INTRODUCTION
The counter-intuitive electrostatic effects produced
by mobile multivalent counterions in the vicinity of
charged macromolecular surfaces (such as biopolymers
like DNA, membranes, colloids, nano-particles and virus-
like nano-capsids) have been studied extensively within
the counterion-only models and in the case of non-
disordered, homogeneous surface charge distributions
(see, e.g., recent reviews in Refs. [1–8] and references
therein). These effects include, most notably, the so-
called like-charge attraction induced by multivalent coun-
terions between charged surfaces of the same sign. The
like-charge attraction phenomena stand at odds with the
weak coupling (WC) paradigm based traditionally on the
mean-field Poisson-Boltzmann (PB) theory [9–13] and re-
quires the framework of the strong coupling (SC) theories
[1–7, 14–19] that incorporate strong ion-surface corre-
lations, to the leading order, and ion-ion correlations,
to subleading orders, ubiquitous in the situation where
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electrostatic interactions are strong; this is realized at
low temperatures, solvents with low dielectric constant,
and/or with highly charged macromolecular surfaces but,
most prominently, with multivalent counterions. Usually,
however, charged bio-soft systems with multivalent coun-
terions include also a finite amount of monovalent salt
ions that couple weakly to charged surfaces. A few ex-
perimental examples of such systems are furnished by the
condensation of DNA by multivalent cations in the bulk
[20–26] or in viruses and virus-like nano-capsids [27–29],
and formation of large aggregates (or bundles) of highly
charged biopolymers such as DNA [30, 31], F-actin [32]
and microtubules [33]. In these situations, one deals with
a difficult problem in which neither the WC nor the SC
limiting laws can be applied without reservations. For
such asymmetric Coulomb fluids, a generalized dressed
multivalent-ion approach, that bridges the two limits in
one single theoretical framework, has been introduced
[7, 34] and tested against extensive explicit- and implicit-
ion simulations [7, 34–38].
In counterion-only systems and in the case of uniformly
charged surfaces with surface charge density −σe0, the
strength of the electrostatic interactions is described
by the electrostatic coupling parameter Ξ = q2ℓB/µ =
22πq3ℓ2Bσ [14]. It is the ratio of the rescaled Bjerrum
length, q2ℓB with ℓB = e
2
0/(4πǫǫ0kBT ), that measures
the strength of electrostatic interactions between counte-
rions of charge valency q, and the Gouy-Chapman length,
µ = 1/(2πℓBqσ), that measures the strength of electro-
static interaction between a counterion and the surface
charge in the units of thermal energy kBT (convention-
ally, we take σ > 0 and q > 0). In the WC regime, Ξ≪ 1,
typically realized with monovalent counterions, thermal
energy is dominant and, therefore, the counterions form
a diffuse gas-like phase next to a charged surface that
can be described by the mean-field PB theory. In the
SC regime, Ξ ≫ 1, typically realized with multivalent
counterions, electrostatic interactions are large enough
to reduce the three-dimensional ionic cloud above the
charged surface to a quasi-two-dimensional, strongly cor-
related liquid layer, or even a 2D crystal [1–7, 14–16, 19].
Subsequent studies also revealed that the WC-SC
paradigm can be generalized to more complicated and
realistic situations usually encountered in experimental
context, with an asymmetric Coulomb fluid comprising
a mixture of mono- and multivalent ions in the vicin-
ity of charged macromolecular interfaces. Neither the
WC nor the SC paradigm can be consistently applied to
this situation where the system is electrostatically part
strongly and part weakly coupled. In this case dressed
multivalent-ion theory, based on piecewise application of
the WC and SC formalism, has been shown to posses
a robust regime of validity [7, 34–38]. Other cases de-
manding an extension and/or modification of the WC-SC
framework have been recently reviewed in Ref. [7].
A separate issue, of the nature of the charge distribu-
tion on macromolecular surfaces, has also received pro-
gressively more focused attention. In many cases, these
surfaces are not only inhomogeneous in terms of the sur-
ficial charge configuration, but exhibit a fundamentally
disordered distribution of charges [2, 39–72] dictated ei-
ther by the method of sample preparation and/or by the
inherent structural properties of the surface materials
[39–48]. These disordered systems, with either thermal-
ized, annealed surface charges [50, 51, 59, 60, 66–71] or
structurally disordered, quenched surface charges [2, 47–
67] (or even partially annealed or partially quenched ones
[58, 72]) have received a more rigorous attention, as it is
becoming clear that the nature of charge disorder can
interfere fundamentally with the behavior of the system
approximated with fixed, homogeneous surface charges.
In the most realistic model of the interaction between
charged macromolecules, one would thus need to consider
not only an asymmetric confined Coulomb fluid between
macromolecular surfaces, with a mixture of mono- and
multivalent salt ions, but also surface charges that exhibit
a disordered component. While off hand this seems to be
like a formidable task, detailed calculations have shown
that the final results are rather intuitive and revealing
[56–64]. First of all, it became clear that, for quenched
charge disorder, which is of interest in this paper, and
in the absence of dielectric asymmetry between the so-
lution subphase and the macromolecular surface, there
is no disorder-induced effect in the WC regime [56, 57].
However, in the SC limit and in the same general regime
of parameters, one finds a long-ranged, disorder-induced
attraction, which must be added to the repulsive force
between equally charged surfaces [56]. It has also been
shown that in the linear WC regime with Gaussian field-
fluctuations around the mean-field solution, the quenched
disorder would lead to repulsive or attractive interactions
provided that the system has an inhomogeneous dielec-
tric constant or monovalent salt distribution (repulsion
arises in this case when the medium is more polarizable
than the surfaces and vice versa) [57, 59–63].
Just as the coupling parameter Ξ quantifies the electro-
static interactions between mobile counterions and fixed,
homogeneous surface charges, the disorder coupling pa-
rameter, χ = 2πq2ℓ2Bg, quantifies the strength of the
disorder-induced effects in the case of disordered surfaces
with g being the surface charge variance within the Gaus-
sian Ansatz for its statistical distribution [56–58]. Obvi-
ously, the two coupling parameters, Ξ and χ, are very
similar but the latter depends in a noticeably less drastic
manner on the valency of the counterions. Just as the
overall features of the behavior of a system with homo-
geneous charge distributions depend on the value of Ξ,
the behavior of a disordered system depends in a very
fundamental manner not only on the exact value of χ,
but also on the presence of salt ions and dielectric inho-
mogeneities (“image charges”) in the system [59–64].
Here, we study the effective interaction mediated by
strongly coupled Coulomb fluids between dielectric sur-
faces carrying quenched, random monopolar charges with
equal mean and variance, both when the Coulomb fluid
consists only of mobile multivalent counterions and when
it consists of an asymmetric ionic mixture. We ana-
lyze the consequences that follow from the interplay be-
tween surface charge disorder, dielectric and salt image
effects, and the strong electrostatic coupling that result
from multivalent counterions on the distribution of these
ions and the effective interaction pressure they mediate
between the surfaces. In a dielectrically homogeneous
system, the multivalent counterions are found to be at-
tracted towards the surfaces with a singular, disorder-
induced potential that diverges logarithmically on ap-
proach to the surfaces, creating a singular but integrable
counterion density profile that exhibits an algebraic di-
vergence at the surfaces with an exponent given by the
disorder coupling parameter. This effect drives the sys-
tem towards a state of lower thermal ‘disorder’, one that
can be described by a renormalized effective temperature,
exhibiting thus a remarkable antifragility [73] reported
in a previous work by the present authors [64]. We thus
find that, in this general context of strongly coupled, dis-
ordered systems, anti-fragile behavior is ubiquitous and
stems from the interplay of structural and thermal disor-
der, with the former engendering a decrease in the trans-
lational entropy of multivalent counterions as a conse-
quence of the fact that the disordered charge distribution
3generates a finite degree of (non-thermal) configurational
entropy. In the presence of an interfacial dielectric dis-
continuity, the singular behavior of the counterion den-
sity at the surfaces is removed but multivalent counte-
rions are still accumulated much more strongly close to
randomly charged surfaces as compared with uniformly
charged ones. The interaction pressure between the sur-
faces displays in general a highly non-monotonic behavior
as a function of the inter-surface separation with a promi-
nent regime of attraction at small to intermediate separa-
tions. This attraction is caused directly by the combined
effects from charge disorder and SC electrostatics of mul-
tivalent counterions, which dominate the surface-surface
repulsion due to the (equal) mean charges on the two sur-
faces and the osmotic pressure of monovalent salt ions
residing between them. These effects are quite signifi-
cant even with a small degree of surface charge disorder
(variance) relative to the mean surface charge.
The organization of the paper is as follows: We intro-
duce our model in Section II and present our theoreti-
cal formalism in Section III. The distribution of multi-
valent counterions in the disordered counterion-only case
is studied in Section IVA and the effects of salt ions
and dielectric inhomogeneities are considered in Section
IVB. The behavior of the effective inter-surface pressure
is studied in Sections IVC-IVE, followed by the conclu-
sion and discussion in Section V.
II. THE MODEL
We consider two plane-parallel dielectric slabs of infi-
nite surface area S, finite thickness b and dielectric con-
stant ǫp, placed perpendicular to the z axis with the inner
bounding surfaces separated by a distance d (see Fig. 1).
The outer bounding surfaces of the slabs are assumed
to be neutral, while the inner ones carry a quenched,
spatially uncorrelated, random charge distribution ρ(r),
characterized by a Gaussian probability weight
P [ρ] = C e− 12
∫
dr g−1(r) [ρ(r)−ρ0(r)]
2
. (1)
Here, C is a normalization factor and ρ0(r) and g(r) are
the mean and the variance of the disordered charge dis-
tribution, respectively. For the specific model considered
here, we assume that the charge distribution on the inner
slab surfaces are statistically identical and given by
ρ0(r) = −σe0
[
δ(z + d/2) + δ(z − d/2)], (2)
g(r) = ge20
[
δ(z + d/2) + δ(z − d/2)], (3)
where, with no loss of generality, we take g ≥ 0 and σ > 0
(in general, the surfaces may also have no net charge but
only a finite disorder variance, which we shall consider
in detail elsewhere [74]). It should be noted that, we
develop the main formalism for an arbitrary shape of the
charged boundaries, which we then apply to the specific
example of the two planar slabs described above.
FIG. 1. (Color online) Schematic view of two infinite, plane-
parallel dielectric slabs of thickness b and dielectric constant
ǫp in a bathing ionic solution of dielectric constant ǫm, con-
taining a monovalent and multivalent salt mixture (with mul-
tivalent counterions shown by large blue spheres and monova-
lent salt anions and cations shown by small orange and blue
spheres). The multivalent counterions are confined in the slit
between the randomly charged inner surfaces of the slabs.
The slabs are assumed to be immersed in a solu-
tion of dielectric constant ǫm containing an asymmet-
ric Coulomb fluid composed of a monovalent 1 : 1 salt
of bulk concentration n0 and a multivalent q : 1 salt of
bulk concentration c0 with q > 0 being the charge va-
lency of multivalent counterions. The dielectric slabs are
assumed to be impermeable to mobile ions. The mul-
tivalent counterions are assumed to be confined within
the slit −d/2 ≤ z ≤ d/2. This particular constraint
enables us to reproduce the standard counterion-only
results [56] as a limiting case (practically, multivalent
counterions can be prevented from entering the outer re-
gions, |z| > d/2 + b, by enclosing these regions in semi-
permeable membranes). This assumption has no impact
on our results in a large part of the parameter space,
e.g., for slab thicknesses larger than the Debye screening
length, and especially for semi-infinite slabs that will be
of main interest in this work.
III. THE FORMALISM
A. Dressed multivalent-ion theory
The problem of an asymmetric Coulomb fluid con-
taining monovalent and multivalent ions next to charged
macromolecular surfaces is a complicated one, mainly
because different components of the Coulomb fluid cou-
ple differently to the surface charges: Multivalent coun-
terions tend to couple strongly, and therefore generate
non-mean-field effects, whereas monovalent anions and
cations couple weakly, and are thus expected to fol-
low the standard mean-field paradigms as they would
in the absence of multivalent ions [9–13]. Strong cou-
pling effects due to multivalent counterions within the
counterion-only models can be described well using the
recent SC theories that have been studied thoroughly
over the last several years (see, e.g., Refs. [1–8] and ref-
4erences therein). In the case of an asymmetric Coulomb
fluid, although it is not a priori clear if a single approxi-
mation can be introduced in order to describe the hybrid
nature of the electrostatic couplings in the presence of
charged boundaries, it turns out that a simple gener-
alization of the counterion-only SC theory [5–7, 14–18],
dubbed dressed multivalent-ion theory, provides a very
good approximation in a large part of the parameter
space as discussed in detail in Refs. [7, 34–38]. This
approach is obtained by first tracing the partition func-
tion over the degrees of freedom associated with monova-
lent ions within a linearization approximation and then
virial expanding it with respect to the fugacity of mul-
tivalent counterions. Both these steps can be justified
systematically [34] only in the case of highly asymmet-
ric mixtures with a sufficiently large counterion valency q
and provided that the bulk concentration of multivalent
counterions is relatively small (as is often the case in ex-
perimental systems containing asymmetric ionic mixtures
[20–33]); because otherwise the different ionic species in
the solution can not be treated on such different lev-
els. The dressed multivalent-ion theory described and
reviewed recently [7] bridges the gap between the weak
coupling DH theory and the counterion-only SC theory
and reproduces them as two special limiting cases at large
and small screening parameters, respectively.
B. General form of the interaction free energy
In the dressed multivalent-ion theory, the grand-
canonical partition function of an asymmetric Coulomb
fluid with a fixed realization of external charges ρ(r) can
be written, in a functional-integral form [75–78], as fol-
lows [36]
Z[ρ] = e− 12 ln detG
∫
Dφ e−βS[φ,ρ]. (4)
Here, β = 1/(kBT ), φ(r) is the fluctuating electrostatic
potential and S[φ, ρ] is the effective “field-action”, i.e.,
S[φ, ρ] =
1
2
∫
drdr′φ(r)G−1(r, r′)φ(r′) + (5)
+ i
∫
dr ρ(r)φ(r) − kBTλc
∫
drΩc(r)e
−iβqe0φ,
where λc = c0 is the fugacity (or bulk concentration) of
multivalent counterions, Ωc(r) is an indicator function
that determines the region of space that is accessible to
multivalent counterions (e.g., in the present model, we
have Ωc(r) = θ(z + d/2) − θ(z − d/2)), and G−1(r, r′)
is the operator inverse of the Green’s function G(r, r′)
that, in the dressed multivalent-ion theory, satisfies the
DH equation
−ǫ0∇·ǫ(r)∇G(r, r′)+ǫ0ǫ(r)κ2(r)G(r, r′) = δ(r−r′). (6)
Here, κ(r) is the Debye (or salt) screening parameter
which is non-zero only outside the region occupied by
the dielectric slabs, i.e., κ2 = 4πℓBnb, where nb = 2n0 +
qc0 is the bulk concentration due to all monovalent ions.
Therefore, the role of monovalent ions is incorporated
into the Green’s function on the DH level.
As noted before, in the presence of multivalent counte-
rions with sufficiently small bulk concentration, the par-
tition function can be virial-expanded in terms of the
counterion fugacity, λc, as
Z[ρ] = Z0[ρ] + λcZ1[ρ] +O(λ2c), (7)
with the first two terms corresponding to the dressed
multivalent-ion theory on the leading order. The zeroth-
order term corresponds to the electrostatic interaction
of fixed charged objects in the absence of multivalent
counterions,
Z0[ρ] = e− 12 ln detG−
β
2
∫
drdr′ ρ(r)G(r,r′)ρ(r′), (8)
and the first-order term gives the single-particle contri-
bution due to multivalent counterions
Z1[ρ] = Z0[ρ]
∫
drΩ(r) e−βu(r;[ρ]).
Here, u(r; [ρ]) is the single-particle interaction energy
that has the form
u(r; [ρ]) = qe0
∫
dr′G(r, r′)ρ(r′) +
q2e20
2
Gim(r, r), (9)
where Gim(r, r) is the generalized Born energy contribu-
tion, which is generated purely by the dielectric and/or
salt polarization effects (or the “image charges”), i.e.,
Gim(r, r) = G(r, r)−G0(r, r), with G0(r, r) representing
the formation (self-)energy of individual counterions in
a homogeneous background; this can be calculated from
the screened free-space Green’s function defined through
−ǫ0ǫm(∇2 − κ2)G0(r, r′) = δ(r− r′).
In the case of counterion-only systems, the two leading
terms in Eq. (7) were shown to generate a finite con-
tribution to the free energy, constituting the SC theory
[5–7, 14–18]. The higher-order terms contain sublead-
ing contributions from multi-particle interactions that
become important only in the crossover regime between
the WC and SC regimes. In the more general context
of dressed multivalent-ion theory, the leading-order virial
terms can generate both the SC and WC behaviors of the
system in the limits of small and large screening param-
eters, respectively [34]. The predictions of this theory
were analyzed for uniformly charged surfaces (and also
for strictly neutral surfaces) and were compared with ex-
tensive numerical simulations elsewhere [7, 34–38].
In the present study, the charge distribution of the
dielectric surfaces, ρ(r), has a quenched, Gaussian disor-
dered component with a finite variance around the mean
charge density ρ0(r). One therefore needs to average the
thermodynamic quantities over different realizations of
the charge disorder as well. Hence, for instance, the free
energy follows from
βF = −〈〈lnZ[ρ]〉〉. (10)
5The disorder average is given by 〈〈· · · 〉〉 = ∫ Dρ (· · · )P [ρ]
and the Gaussian weight by Eq. (1). The averaged quan-
tity 〈〈lnZ[ρ]〉〉 can be calculated in general by employing
the Edwards-Anderson’s replica Ansatz [56]. Since we
are interested only in the leading virial terms, we can
also directly average the leading-order free energy terms
over the quenched charge disorder weight, yielding
βF = −〈〈lnZ0〉〉+ λc〈〈Z1Z0 〉〉 +O(λ
2
c). (11)
The averages in the above expression can be carried
out straightforwardly and we find the (grand-canonical)
dressed multivalent-ion free energy of the system as
βF = β
2
∫
drdr′ ρ0(r)G(r, r
′)ρ0(r
′) (12)
+
β
2
Tr
[
g(r)G(r, r′)
] − λc
∫
dRΩ(R) e−βu(R),
where the first and the second terms are the contribu-
tions in the absence of multivalent counterions, represent-
ing the interaction free energies due to the mean surface
charge density, ρ0(r), and the disorder variance, g(r), re-
spectively. The second term arises also in the analysis
of the fluctuation-induced forces between disordered sur-
faces in vacuum or in a weakly coupled Coulomb fluid
[57, 59–63]; it gives a non-vanishing contribution only
in inhomogeneous systems with a finite dielectric discon-
tinuity at the bounding surfaces and/or a spatially in-
homogeneous distribution of salt ions. The third term
represents the contribution from multivalent counterions
on the leading (single-particle) level, in which u(r) is the
effective single-particle interaction energy [64]
u(r) = qe0
∫
dr′G(r, r′)ρ0(r
′) +
q2e20
2
Gim(r, r)
−β q
2e20
2
∫
dr′g(r)[G(r, r′)]2. (13)
We note that the first term in Eq. (13) originates from
the interaction of multivalent counterions with the mean
surface charge density, the second term from the self-
interactions of individual counterions (with their own im-
age charges) and the third term is due to the presence
of surface charge disorder. This term is proportional to
the disorder variance and shows an explicit temperature
dependence and a quadratic dependence on the Green’s
function and the multivalent ion charge valency, q; it
arises from the sample-to-sample fluctuations (or vari-
ance) of the single-particle interaction energy (9) [64].
In the SC limit or within the multivalent dressed-ion
theory [14, 16, 34], the density profile of multivalent coun-
terions can be derived solely in terms of the effective
single-particle interaction energy as
c(r) = λcΩ(r) e
−βu(r). (14)
This concludes the recapitulation of the multivalent
dressed-ion theory that forms the basic framework of our
analysis of electrostatic coupling and quenched charge
disorder in what follows.
C. Specific case of planar dielectric slabs
The free energy expression (12) is valid regardless of
the shape of the boundaries. In the rest of this paper,
however, we shall delimit ourselves to the specific exam-
ple of two planar dielectric slabs (Section II), in which
case the Green’s function G(r, r′) = G(ρ,ρ′; z, z′), with
ρ = (x, y) and ρ′ = (x′, y′) being the transverse (in-
plane) coordinates, is only a function of |ρ − ρ′|. Thus,
its Fourier-Bessel transform Gˆ(Q; z, z′) can be defined by
G(r, r′) =
∫ ∞
0
QdQ
2π
Gˆ(Q; z, z′)J0(Q|ρ− ρ′|). (15)
Using standard methods, we find
Gˆ(Q; z, z′) =
1
2ǫ0ǫmγ
[e−γ|z−z
′| +
2e−2γdΥ(Qb)
1− e−2γdΥ2(Qb)
×(eγd cosh γ(z + z′) + Υ(Qb) coshγ(z − z′))],
(16)
where γ2 = κ2 +Q2,
Υ(Qb) =
∆s(1− e−2Qb)
1−∆2s e−2Qb
, (17)
and
∆s =
ǫmγ − ǫpQ
ǫmγ + ǫpQ
. (18)
For semi-infinite slabs (b→∞), one can recover the well-
known expression
Gˆ(Q; z, z′) =
1
2ǫ0ǫmγ
[
e−γ|z−z
′| +
2∆s e
−2γd
1−∆2s e−2γd
(19)
×(eγd cosh γ(z + z′) + ∆s cosh γ(z − z′))].
Note that the information about the image charge ef-
fects, which result from the inhomogeneous distribution
of the dielectric constant or the bathing salt solution in
the system, enter here through the parameter ∆s. In
the absence of salt ions (κ = 0), ∆s reduces to the bare
dielectric discontinuity parameter
∆ =
ǫm − ǫp
ǫm + ǫp
. (20)
In the cases treated below, relevant for aqueous solvents
in the presence of bounding slabs of low dielectric con-
stant, we delimit ourselves to ∆ ≥ 0, which gives repul-
sive image interactions.
The effective single-particle interaction energy in the
two-slab system can be written using Eq. (13) as
u(z) = −qσe20
[
Gˆ(0; z,−d/2) + Gˆ(0; z, d/2)] (21)
+
q2e20
4π
∫ ∞
0
QdQGˆ(Q; z, z)
−βq
2ge40
4π
∫ ∞
0
QdQ
[
Gˆ2(Q; z,−d/2) + Gˆ2(Q; z, d/2)].
6The density profile of counterions in the slit region,
−d/2 ≤ z ≤ d/2, then follows as (see Eq. (14))
c(z) = λc e
−βu(z), (22)
and the grand-canonical free energy (per kBT and per
surface area, S) can be written as
βF
S
=
4πℓBσ
2
κ
coth(κd/2)
+ gℓBf(κ, d,∆)− λc
∫ d/2
−d/2
dz e−βu(z). (23)
In the above expression, the different contributing terms
appear in the same order as in Eq. (12) and we have
f(κ, d,∆) ≡
∫ ∞
0
QdQ
∆s(1 + ∆s)
2
γ(e2dγ −∆2s)
, (24)
where we have omitted irrelevant additive terms that are
independent of the surface separation, d. In fact, the
interaction free energy follows from Eq. (23) by sub-
tracting all such terms or, in other words, the reference
free energy of the system for d→∞.
D. Dimensionless representation
It is convenient to make use of a dimensionless set
of quantities by rescaling the spatial coordinates with
the Gouy-Chapman length µ = 1/(2πqℓBσ) as r˜ = r/µ.
Other parameters are rescaled accordingly, e.g., the inter-
surface separation, the salt screening parameter and an
analogously defined length scale, χ2c = 8πq
2ℓBc0, which
is referred to as the rescaled bulk concentration of mul-
tivalent counterions, i.e.,
d˜ = d/µ, κ˜ = κµ, χ˜c = χcµ. (25)
The rescaling of the Bjerrum length leads to the dimen-
sionless electrostatic coupling parameter Ξ = q2ℓB/µ =
2πq3ℓ2Bσ, associated with the mean surface charge den-
sity [14], while the surface charge variance appears in the
dimensionless disorder coupling (or strength) parameter,
χ = 2πq2ℓ2Bg [56]. The rescaling of the density profile
and the interaction pressure will be discussed later.
IV. RESULTS
A. Distribution of counterions: The
counterion-only model
Let us first consider the distribution of multivalent
counterions in the special case of the counterion-only
model, where the salt screening and image charge effects
are set to zero by assuming a homogeneous system with
κ = 0 and ∆ = 0, or equivalently, ǫp = ǫm (this case
was considered in a previous work [56], which however
focused only on the effective interaction between the sur-
faces and did not investigate the distribution of counteri-
ons). The two impermeable, randomly charged surfaces
are placed at a separation distance, d, confining in the
slit between them a fixed number of multivalent counte-
rions, N , which is fixed by the mean charge on the two
surfaces through the global electroneutrality condition,
Nq = 2Sσ. Hence, the fugacity of counterions is given
by [14, 56]
λc =
N
S
∫ d/2
−d/2
dz e−βu(z)
. (26)
The Green’s function of the counterion-only model re-
duces to the bare Coulomb interaction, G0(r, r
′) =
1/(4πǫ0ǫm|r − r′|), and the effective single-particle in-
teraction (up to an irrelevant additive constant and in
rescaled units) follows straightforwardly from Eqs. (13)
or (21) as
βu(z˜) = d˜+
χ
2
ln
(
d˜2
4
− z˜2
)
. (27)
Note that while, because of the symmetric plane-parallel
geometry of the model, there is no net attraction acting
on individual counterions from the (oppositely signed)
mean surface charges, the counterions experience an at-
tractive potential due to the quenched surface charge dis-
order, which is given by the second term in Eq. (27).
The rescaled density profile of counterions in the slit is
obtained by using Eq. (22) as
c˜(z˜) ≡ c(z˜)
2πℓBσ2
=
(
2
d˜
)
C−10 (χ)
(
1
4
− z˜
2
d˜2
)−χ/2
, (28)
where we have defined
C0(χ) = 2
−1+χ√π Γ
(
1− χ2
)
Γ
(
3
2 − χ2
) . (29)
In the no-disordered case (χ = 0), the above expres-
sion reduces to the standard SC density profile c˜(z˜) = 2/d˜
[3, 5–7, 14–16]. As shown in Fig. 2, the density profile of
multivalent counterions is strongly modified by the sur-
face charge disorder and exhibits algebraic singularities
close to the randomly charged boundaries at z = ±d/2
for any finite value of the disorder coupling parameter, in
clear violation of the contact-value theorem established
for uniformly charged surfaces [79–82]. This kind of be-
havior was discussed in our recent work on the distribu-
tion of multivalent counterions next to a single, randomly
charged interface [64] and we shall not delve further into
the details, making only a few remarks in what follows.
The singular behavior of the counterion density profile
comes directly from the logarithmic disorder term in the
single-particle energy in Eq. (27), which drives the coun-
terions towards the surfaces. The density of counterions
away from the surfaces decreases as the disorder coupling
parameter increases (Fig. 2) and, eventually, it tends to
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FIG. 2. (Color online) Rescaled density profiles of multiva-
lent counterions within the counterion-only model as a func-
tion of the rescaled normal position, z˜ = z/µ, between two
randomly charged surfaces located at inter-surface separation
d˜ = d/µ = 4. Different curves correspond to different values
of the disorder coupling parameter as shown on the graph.
zero c˜(z˜) → 0 for any |z˜| < d˜/2 when χ → 2− since
C0(χ) → ∞. Counterions are thus densely accumulated
in the immediate vicinity of the surfaces. This behav-
ior must be distinguished from the surface adsorption or
counterion condensation phenomena [7] as, in the present
context, one can show systematically that the mean sur-
face charge is not renormalized by the surface accumula-
tion of counterions (see Appendix C in Ref. [58]).
The accumulation of counterions in the vicinity of the
charged boundaries furthermore drives the system to-
wards a state of lower thermal ‘disorder’, since, as one
can show, the translational entropy of the multivalent
counterions decreases as a consequence of the disordered
charge distribution generating a finite (non-thermal) con-
figurational entropy; this latter type of entropy stems
from the different realizations of the quenched disorder.
This behavior was associated in Ref. [64] with the anti-
fragility [73] of the system, in which introducing an ex-
ternal (quenched) disorder source diminishes the intrin-
sic thermal disorder and drives the system towards a
more ‘ordered’ state, which is also a thermodynamically
more stable one as compared with the corresponding non-
disordered case (see Ref. [56] for the canonical free energy
expression of the disordered counterion-only model).
The rescaled interaction pressure acting on each of the
surfaces, P˜ = βP/(2πℓBσ
2), can be obtained as [56]
P˜ = −1 + 2(1− χ)
d˜
. (30)
which, by setting χ = 0, reduces to the standard SC
pressure between two non-disordered like-charged sur-
faces [14]
P˜0 = −1 + 2
d˜
. (31)
The attractive electrostatic and repulsive entropic terms
in the pressure give rise to an equilibrium (rescaled)
bound-state separation of d˜∗ = 2 between two identi-
cal, uniformly charged surfaces [5, 6, 14–16]. As is clear
from Eq. (30), the surface charge disorder gives an addi-
tive attractive contribution to the total interaction pres-
sure that renormalizes the entropic term and leads to
a more closely packed bound state with the equilibrium
inter-surface separation d˜∗ = 2(1 − χ). This separation
tends to zero for χ→ 1−, beyond which the two surfaces
collapse into a primary minimum, because the entropic
contribution (second term in Eq. (30)) changes sign at
χ = 1 and, hence, the pressure becomes attractive at all
separations (and diverges for d˜→ 0) in the regime χ > 1.
Another notable point is that the renormalization of
the repulsive entropic term by a factor 1 − χ can be in-
terpreted also as a renormalization of the effective tem-
perature of the system to a lower value. However, this
interpretation should be considered with caution because
first, this particular form of the renormalization of the
repulsive pressure is found only in the SC limit of the
two-surface counterion-onlymodel and, secondly, one can
show, by inspecting the thermodynamic quantities of the
system, that the renormalizing term, −2χ/d˜, in Eq. (30)
indeed comes from both electrostatic energy and entropic
contributions.
B. Distribution of counterions: Salt screening and
image charge effects
In the next step, we assume that, in addition to the
multivalent counterions that are introduced through an
asymmetric q : 1 salt of bulk concentration c0, the ionic
mixture also contains monovalent salt of bulk concentra-
tion n0. As noted before, the Debye screening parameter
is κ = (4πℓBnb)
1/2 with nb = 2n0 + qc0. For the time
being, we also assume that the system is dielectrically
homogeneous, i.e., ǫp = ǫm and that the slabs are semi-
infinite (b =∞) and impermeable to all ions. The density
profile of multivalent counterions can be calculated from
Eqs. (21) and (22) and by making use of the appropriate
expressions from Eqs. (16)-(19).
In the absence of surface charge disorder, the density
profile of multivalent counterions shows a non-monotonic
behavior with a peak at a small distance from each of the
two bounding surfaces (see the black solid curve in Fig.
3a; note also that here the density profiles are rescaled
with the bulk value c0). This behavior is due to the
interplay between two distinct factors; namely, the salt
screening effect and the “salt image” effect. The former
dominates at intermediate to large distances from the
surfaces that are comparable to or larger than the De-
bye screening length κ˜−1, while the latter dominates at
small to intermediate distances from the surfaces, causing
a partial depletion of multivalent counterions from the
proximity of the surface boundaries; it is generated be-
cause of the inhomogeneous distribution of salt ions that
are not allowed to permeate into the wall regions (i.e.,
|z˜| > d˜/2), leading in turn to a discontinuous change in
the polarization of the medium at the interfacial bound-
aries, with the slit region having a larger polarizability
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FIG. 3. (Color online) Rescaled density profiles of dressed multivalent counterions as a function of the rescaled normal position,
z˜, between the randomly charged inner surfaces of two semi-infinite slabs placed at rescaled separation d˜ = 10 in (a) dielectrically
homogeneous (∆ = 0) and (b) dielectrically inhomogeneous systems (∆ = 0.95) at fixed parameter values κ˜ = 0.3 and Ξ = 50
and various disorder coupling parameters as shown on the graphs. (c) is the same as (b) but with fixed χ = 2 and varying slab
thickness b˜ = 5, 10, 15 and ∞.
response than the slab region. This gives rise to repulsive
“salt image” effects that show some qualitative similari-
ties to the “dielectric image” effects.
When the bounding surfaces carry a finite degree of
quenched charge randomness (χ > 0), the multivalent
counterions exhibit a strong attraction towards them
and, again, generate a singular density profile with a
diverging contact value (dashed curves in Fig. 3a). In
fact, the counterion density profile exhibits the same
algebraic singularity on approach to the surfaces as in
the counterion-only case, Eq. (28) [64]. Thus, at small
distances from the surfaces, the disorder-induced effects
overcome both salt image and salt screening effects.
These features change qualitatively when the system
is dielectrically inhomogeneous and exhibits a dielectric
discontinuity at the interfacial boundaries at z = ±d/2.
In Fig. 3b, we show the counterion density profiles for
∆ = 0.95 (corresponding to the dielectric discontinuity
at the water/hydrocarbon boundary with ǫm = 80 and
ǫp = 2) and a few different values of the disorder coupling
parameter. Strong dielectric image repulsions lead to a
zone of complete depletion near the surfaces with vanish-
ing counterion density, followed by enhanced peaks at an
intermediate distance from each surface. These features
are qualitatively similar in the presence or absence of
surface charge disorder, although the disorder generates
larger densities, especially at the peak regions, by at-
tracting a larger number of multivalent counterions from
the bulk reservoir into the slit. The interfacial depletion
zone is generated because (unlike the salt image effects)
the dielectric image effects can be described in terms of
point-like image charges (especially for large ∆ ≃ 1) [36];
these images repel the counterions with a singular image
potential (second term in Eqs. (13) and (21))) that be-
haves approximately as the first-image interaction poten-
tial βuim ≃ Ξ∆/4(d˜/2 ± z˜) at small distances from the
boundaries, thus overcoming the logarithmic, disorder-
induced attraction experienced by the counterions.
We should also note that the finiteness of the slab
thickness has typically only a small effect on the counte-
rion distribution, especially when it is comparable to or
larger than the screening length, κb & 1, which is in fact
often the case in realistic systems. For instance, in Fig.
3c, we show the results for the same parameters as in Fig.
3b but with χ = 2 and different slab thicknesses in the
range b˜ ≥ 5 (which covers the range b > 1 nm in actual
units, see the Discussions). The density of counterions in
the slit is slightly increased but saturates quickly when
the slab thickness is increased to infinity. The smaller
counterion density found in the case of thinner slabs is
due to the fact that the overall surface attraction expe-
rienced by counterions becomes smaller for smaller slab
thicknesses and, at the same time, the salt ions in the
outer region behind the slabs (see Fig. 1) also contribute
more strongly to the screening effects.
An interesting effect seen in the above results is that
the competition between disorder-induced attraction and
image repulsion leads to a highly pronounced bimodal
profile with two humps that correspond to two distinct
counterion-populated regions in the slit. (Such bimodal
profiles have also been found for the counterion density
between heterogeneous but regularly patterned, planar
charged surfaces [83] and also for the monomer density
of polyelectrolyte chains between uniformly charged pla-
nar surfaces [84].) These humps are expected to appear
at sufficiently large disorder variances or relatively large
inter-surface separations as compared with the screening
length. This kind of morphological change in the dis-
tribution of multivalent counterions can be quantified by
defining the distance between the peaks, δzp, as an analog
of the ‘order parameter’ in the phase transition context.
As seen in Fig. 4a (for κ˜ = 0.3, d˜ = 8 and ∆ = 0.95), this
quantity shows a sharp, continuous change at a thresh-
old value of χ∗ ≃ 0.385 from a single-hump profile to a
double-hump one. In Figs. 4b and 4c, we show the re-
sults obtained for the threshold value χ∗ as a function of
the dielectric discontinuity parameter, ∆ (at fixed d˜ = 5),
and as a function of the rescaled inter-surface distance,
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FIG. 4. (Color online) (a) Rescaled distance between the peaks (humps) in the density profile of multivalent counterions as
a function of the disorder coupling parameter, χ, for κ˜ = 0.3, d˜ = 8 and ∆ = 0.95. (b) The threshold value χ∗, where the
counterion density profile changes from a unimodal to a bimodal shape, as a function of the dielectric discontinuity parameter,
∆, at fixed d˜ = 5 and different values of κ˜ as shown on the graph. (c) The threshold value χ∗ as a function of the rescaled inter-
surface distance, d˜, at fixed ∆ = 0.95 and different values of κ˜. In (b) and (c), the region below (above) the curves correspond
to the parameter values for which the density profile is uni- (bi-) modal. In all these cases, the slabs are semi-infinite.
d˜ (at fixed ∆ = 0.95), respectively. The region below
(above) the curves in these figures corresponds to the pa-
rameter values for which the density profile is uni- (bi-)
modal. As seen in Fig. 4b, at larger values of the dielec-
tric discontinuity or at larger salt screening parameters, a
larger disorder coupling parameter (disorder variance) is
required in order to counteract the counterion-image re-
pulsions from the boundaries and create a bimodal struc-
ture. Same is true for a system with a smaller inter-
surface separation, see Fig. 4c.
The salt screening has a reverse effect at small or large
inter-surface separations: Whereas at small separations
it increases the values of χ∗, at large separations it de-
creases them. Another point to be noted here is that, for
the parameter values used in Figs. 4b and 4c, there is a
plateau-like region with χ∗ = 0, where the density profile
is bimodal for any value of χ.
C. Interaction pressure
In the most general case, where the system is im-
mersed in an asymmetric electrolyte bath, the interaction
pressure (equivalent to the osmotic or disjoining pres-
sure) acting on the slabs follows from the difference in
the slit pressure and the bulk (electrolyte) pressure, i.e.,
P = Ps − Pb. The slit pressure is obtained by differenti-
ating the free energy expression (23) with respect to the
inter-surface separation as Ps = −∂F/(S∂d), where all
other parameters are kept fixed, and the bulk pressure is
given by Pb = (nb + c0)kBT with nb = 2n0 + qc0 being
the bulk concentration of the monovalent ions as defined
before. It should be noted that the slit pressure obtained
from the differentiation of the dressed multivalent-ion
free energy with respect to d does not contain the contri-
bution from the osmotic pressure of monovalent ions in
the slit, Pmon, which can be calculated in terms of the
mid-plane density of monovalent ions [36].
We decompose the rescaled interaction pressure, P˜ =
βP/(2πℓBσ
2), into its different components as
P˜ = P˜σ + P˜dis + P˜c + P˜mon, (32)
where
P˜σ = csch
2
(
κ˜d˜
2
)
, (33)
P˜dis = −χ∂f˜(κ˜, d˜,∆)
∂d˜
, (34)
P˜c =
χ˜2c
4
[
∂
∂d˜
∫ d˜/2
−d˜/2
dz˜ e−u˜(z˜) − 1
]
, (35)
P˜mon =
q2κ˜2
2
(
n˜(0)− 1). (36)
The first term in Eq. (32), P˜σ, follows from the first
term in Eq. (23) and represents the repulsive pressure
between the mean charges on the inner surfaces of the
slabs. The second term, P˜dis, gives the contribution from
the surface charge disorder (second term in Eq. (23))
with f˜(κ˜, d˜,∆) being defined using Eq. (24) as
f˜(κ˜, d˜,∆) ≡
∫ ∞
0
Q˜dQ˜
∆s(1 + ∆s)
2
γ˜(e2d˜γ˜ −∆2s)
, (37)
where Q˜ = Qµ and γ˜ = γµ. This contribution can be
attractive or repulsive and will be non-vanishing only in
inhomogeneous systems with a finite dielectric disconti-
nuity and/or an inhomogeneous distribution of salt ions
(i.e., when ∆s 6= 0). These two contributions to the in-
teraction pressure will be present regardless of the multi-
valent counterions; they have been analyzed in detail for
semi-infinite slabs in Refs. [57, 59–63].
The contributions P˜c and P˜mon, on the other hand,
represent the osmotic pressure components from multi-
valent counterions and monovalent salt ions, respectively.
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FIG. 5. (Color online) (a) Rescaled interaction pressure as a function of the rescaled distance between the uniformly charged
inner surfaces of two identical semi-infinite dielectric slabs with Ξ = 50, ∆ = 0.95 and χ˜c = 0.15 and for a few different values
of the rescaled screening parameter, κ˜, as indicated on the graph. Panels (b) and (c) show the different components that
contribute to the interaction pressure for κ˜ = 0.3 and κ˜ = 0.25, respectively (see the text for definitions).
P˜c is given in terms of the effective single-particle inter-
action energy, u˜(z˜), and follows from the third term in
Eq. (23) with u˜(z˜) obtained straightforwardly by rescal-
ing the parameters in Eq. (21).
Finally, P˜mon is calculated from the contact-value the-
orem in terms of the total mid-plane density of monova-
lent ions, which can be estimated here through the rela-
tion n(z) = λ+ exp[−βu(z)]
∣∣
q=1
+ λ− exp[−βu(z)]
∣∣
q=−1
as discussed in detail in Ref. [36], where λ+ = n0 and
λ− = n0+ qc0 are the bulk concentrations of monovalent
cations and anions, respectively; the rescaled mid-plane
density in Eq. (36) is then defined as n˜(0) = n(z˜ = 0)/nb.
D. Interaction of non-disordered surfaces
We first consider the interaction pressure between two
non-disordered (uniformly charged) surfaces within the
dressed multivalent-ion theory. The interaction pressure
acting on the slabs in this case follows from Eqs. (32)-
(36) by noting that in all the expressions involved we
need to set χ = 0; hence, in particular we have P˜dis = 0.
We shall primarily focus on the case of semi-infinite slabs
(b = ∞) and fix the electrostatic coupling parameter at
Ξ = 50, which can be achieved with tetravalent coun-
terions (q = 4) and the mean surface charge density
σ = 0.24 nm−2 in water (ǫm = 80) and at room tem-
perature T = 293 K (see Table I). Unless otherwise spec-
ified, we take ∆ = 0.95, which is appropriate for wa-
ter/hydrocarbon interfaces.
The results for the rescaled interaction pressure
are shown in Fig. 5a as a function of the
rescaled inter-surface separation for a few different val-
ues of the rescaled screening parameter, i.e., κ˜ =
0.25, 0.27, 0.28, 0.29, 0.30, and χ˜c = 0.15 (in actual
units, these parameter values can be obtained, for
instance, by taking salt bulk concentrations n0 ≃
105, 123, 133, 143, 153 mM and c0 ≃ 2.5 mM). At suffi-
ciently large κ˜ (e.g., high monovalent salt concentration),
the pressure is repulsive and decays monotonically with
the distance. In this regime, the salt screening effects
are dominant and the SC effects due to the multivalent
counterions are strongly suppressed; the repulsive pres-
sure is in fact determined mainly by the surface-surface
repulsion (P˜σ) and the osmotic pressure of monovalent
ions (P˜mon) with the latter contribution being the larger
of the two, as can be seen from the pressure components
in Fig. 5b.
As κ˜ is decreased, the pressure develops a non-
monotonic behavior with a pronounced local minimum
at intermediate inter-surface separations within a range
comparable to the Debye screening length (Fig. 5a). This
local minimum eventually turns into a negative global
minimum as κ˜ is decreased further, indicating a strong at-
tractive pressure induced between the slabs. For κ˜ = 0.27
(red dashed curve), the minimum attractive pressure is
approximately P˜ ≃ −2.7 (or, with the choice of the ac-
tual parameter values mentioned above, P ≃ −28 bar).
For κ˜ = 0.25 (black solid curve in Fig. 5a which is
replotted as the red solid curve in Fig. 5c), the mini-
mum attractive pressure is P˜ ≃ −75 (or, P ≃ −780 bar).
Note that the net attraction here appears despite the fact
that the surfaces are like charged. This is because of the
SC effects, which are produced by the leading surface-
counterion correlations [5–7, 14–16] and enter through
the pressure component P˜c. This contribution becomes
quite large at small screening parameters (see Fig. 5c)
and exhibits a non-monotonic behavior that we shall con-
sider later in more detail. The non-monotonic behavior
of the net pressure with the inter-surface separation (Fig.
5a) stems directly from the interplay between its different
components, with P˜c being the most essential one.
Similar behavior to those shown in Fig. 5a can be
seen upon increasing the rescaled bulk concentration of
multivalent counterions, χ˜c (Fig. 6), and upon decreas-
ing the dielectric discontinuity parameter, ∆ (not shown)
with the minimum attractive pressure turing out to be
quite sensitive to the exact values of these parameters.
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FIG. 6. (Color online) (a) Rescaled interaction pressure as a function of the rescaled distance between the uniformly charged
inner surfaces of two identical semi-infinite dielectric slabs with Ξ = 50, ∆ = 0.95 and κ˜ = 0.27 and for a few different values
of the rescaled multivalent counterions concentration, χ˜c, as indicated on the graph. Inset shows a close-up view of the region
around the shallow local minimum at large separations. Panels (b) and (c) show different components that contribute to the
interaction pressure for χ˜c = 0.11 in the vicinity of the small-separation and large-separation minima, respectively (see the text
for definitions).
Figure 6a shows the results for χ˜c = 0.09, 0.11, 0.13, 0.15
and κ˜ = 0.27 (corresponding, for instance, to choosing
the bulk concentrations as c0 ≃ 0.9, 1.3, 1.9, 2.5 mM with
n0 ≃ 127, 126, 125, 123 mM, respectively). The pres-
sure still remains strongly repulsive at very small separa-
tions because of the contributions P˜σ and P˜mon discussed
above (see Fig. 6b and also Figs. 5b and c). However, the
multivalent pressure component P˜c again shows a non-
monotonic behavior with both attractive and repulsive
regions (Fig. 6b).
The non-monotonic behavior of P˜c can be understood
by inspecting the average number of multivalent counte-
rions in the slit between the slabs, N¯ = S
∫ d/2
−d/2
dz c(z),
which, in rescaled units and per unit area, is given by
N¯
S˜
=
χ˜2c
8πΞ
∫ d˜/2
−d˜/2
dz˜ c˜(z˜). (38)
This quantity is shown in Fig. 7 for κ˜ = 0.27 and
χ˜c = 0.15 along with its corresponding pressure compo-
nent P˜c that in fact correspond to the red dashed curve
in Fig. 5a). At large separations and upon decreasing the
inter-surface distance, the number of multivalent counte-
rions in slit is increased due to a larger uptake of these
ions from the bulk solution, which is caused by an in-
creased counterion-surface correlation (attraction) that,
in turn, enhances the attractive (negative) pressure com-
ponent P˜c. As the separation is decreased further, the
number of multivalent counterions in the slit reaches a
maximum value. The multivalent counterions at smaller
inter-surface separations are strongly repelled by their
image charges, are depleted from the slit and eventually
completely ejected from the slit when the surfaces come
close to contact. The pressure component due to multiva-
lent counterions thus changes sign at the location where
N¯ reaches a maximum and, eventually, tends to the bulk
pressure P˜c → −χ˜2c/4 (or, in actual units, Pc → −c0kBT )
when d˜→ 0 (this limiting value is not discernible at the
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FIG. 7. Rescaled average number of multivalent counterions
in the slit per rescaled surface area (blue curve) and the corre-
sponding rescaled pressure component, P˜c (red dashed curve),
as a function of the rescaled distance between the uniformly
charged inner surfaces of two identical semi-infinite dielectric
slabs for κ˜ = 0.27, χ˜c = 0.15, Ξ = 50 and ∆ = 0.95.
range of scales shown in the figure).
We should also note that the intermediate attractive-
pressure regime seen in Figs. 5a and 6a is followed
by a weakly repulsive regime at larger separations but
there is a very shallow local minimum at large separa-
tions that gives the pressure curves a weakly attractive
long tail. This is shown in a close-up view in the inset
of Fig. 6a for the curves that appear in the main set.
Comparing the different pressure components around
this large-separation minimum (see Fig. 6c) shows that
the contribution from the surface-surface repulsion (P˜σ)
nearly cancels the attractive contribution from multi-
valent counterions (P˜c) and, thus, the total pressure is
determined almost completely by the contribution from
monovalent ions (P˜mon), which itself shows a shallow
minimum at large separations.
In general, the depth of this minimum, and the large-
separation attraction regime, can be enhanced slightly
also by P˜c (not shown). A closer inspection of P˜mon
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FIG. 8. (Color online) Rescaled interaction pressure as a function of the rescaled distance between the randomly charged inner
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shows that the partial osmotic pressure that contributes
to this component from monovalent salt anions is nega-
tive (because these ions have the same sign as the surface
charges and are therefore depleted from the slit) and is
slightly larger in magnitude than the (positive) partial
osmotic pressure from monovalent salt cations, hence,
causing the weakly attractive, large-separation behavior
of P˜mon. This behavior is robust and appears for a wide
range of parameter values.
Another important point to be considered here is
whether the van-der-Waals-like [85] non-monotonicity
observed in the pressure-distance curves in Figs. 5a and
6a gives any indication of a phase coexistence, if the pres-
sure curves are to be interpreted in the thermodynamic
sense as, e.g., the pressure in a stack of plane-parallel like-
charged membranes? Such a phase coexistence would
imply a simultaneous existence of a dense phase and a
swollen phase in the system. However, if one applies the
Maxwell equal-area construction, the negative area under
the pressure curves, which comes from the region around
the attractive minimum at small separations, is typically
much larger than the positive area coming from the re-
gion around the repulsive maximum (hump) at interme-
diate separations. This translates into a statement that
the equal-area Maxwell construction cannot be fulfilled
in general.
E. Interaction of disordered surfaces
We now consider the situation where the inner surfaces
of the slabs carry a finite degree of charge disorder char-
acterized by the dimensionless coupling parameter, χ.
The rescaled interaction pressure again follows from Eqs.
(32)-(36) and its behavior as a function of the rescaled
inter-surface separation is shown in Fig. 8 for a few dif-
ferent sets of parameters in the case of semi-infinite slabs
(b =∞) with fixed Ξ = 50 and ∆ = 0.95.
In Fig. 8a, we show the results for a few different
values of the disorder coupling parameter χ = 0, 1, 2 and
4 with κ˜ = 0.3 and χ˜c = 0.2. With the choice of physical
parameter values as q = 4 (tetravalent counterions), σ =
0.24 nm−2 for water (ǫm = 80) at room temperature
(T = 293 K), these rescaled parameter values correspond
to surface charge disorder variances g = 0, 0.02, 0.04 and
0.08 nm−2, respectively, and mono- and multivalent salt
bulk concentrations of n0 ≃ 150 mM and c0 ≃ 4.4 mM
(see Table I).
For the non-disordered case with χ = 0 (black solid
curve), the results show a repulsive, monotonically de-
caying interaction at small separations and a shallow at-
tractive minimum at larger separations around d˜ ≃ 25 of
the type that were analyzed in detail in Figs. 5 and 6.
The presence of charge disorder on the inner surfaces of
the slabs leads to significant qualitative differences in the
effective interaction profile of the two surfaces (dashed
curves). The disorder effects dominate at small to in-
termediate separations and turn the surface repulsion to
a very strong attractive interaction. They diminish at
larger separations as the curves with different values of
χ (including χ = 0) converge. These features indicate
an interplay between different contributions to the net
interaction pressure that we shall examine later.
The attractive regime at small separations is followed
by a repulsive regime with a pronounced hump at inter-
mediate separations. For the set of parameter values used
in Fig. 8a and for χ = 2 (blue dashed curve), the posi-
tion of the hump and the maximum pressure are given
by d˜ ≃ 11.2 and P˜ ≃ 0.05, which, for the set of the
physical parameter values mentioned above, correspond
to d ≃ 2.6 nm and P ≃ 0.5 bar. The shallow attrac-
tive minimum of the pressure curves at larger separations
(d˜ ≃ 25 or d ≃ 5.7 nm) is only weakly influenced by the
presence of disorder, as expected.
For sufficiently large disorder strengths (e.g., for χ = 4
shown by the green dashed curve), the attractive regime
extends to the whole range of small to intermediate sep-
arations, even beyond the large-separation minimum, as
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FIG. 9. (Color online) Same as Fig. 8 but for fixed Ξ = 50,
κ˜ = 0.3, χ˜c = 0.2, χ = 2 and different values of ∆ as shown
on the graph.
shown in the inset, producing thus a long-ranged attrac-
tive interaction between the slabs. This follows as a con-
sequence of the combined effects from the SC electro-
statics of multivalent counterion and the surface charge
disorder that couple to one another through the multiva-
lent counterions contribution, P˜c (see below), leading to
features that are distinctly different from what we found
in the case of uniformly charged surfaces (Section IVD).
A similar trend is found if the disorder strength is kept
fixed and the rescaled bulk concentration of multivalent
counterions, χ˜c, is increased (see Fig. 8b). In this case
both the range and the strength of the attractive pressure
acting on the slabs is increased. We find a slightly dif-
ferent behavior when the Debye screening parameter (or
equivalently, the bulk concentration of monovalent salt)
is changed. For the parameters shown in Fig. 8c, we see
that, as κ˜ is decreased, the interaction pressure at inter-
mediate separations first increases and becomes slightly
more repulsive (compare green and blue dashed curves)
and then turns to become attractive. This is in accord
with the intuitive expectation that the SC and disorder-
induced effects become stronger at lower salt concentra-
tions.
The disorder-induced attraction is enhanced and the
repulsive hump and the large-separation minimum in the
pressure curves disappear also when ∆→ 0 (see Fig. 9),
which clearly points to the key role of dielectric images,
generating stronger repulsive interaction in systems with
larger interfacial dielectric discontinuity. In the dielec-
trically homogeneous case (i.e., with ∆ = 0 and κ˜ > 0),
we find long-ranged, monotonic attraction in the whole
range of inter-surface separations with a diverging attrac-
tive pressure in the limit d˜ → 0 for all values of χ ≥ 0
(note that this behavior is in contrast with what we found
in the canonical counterion-only case in Section IVA,
where the pressure for d˜ → 0 becomes repulsive in the
regime χ < 1). When the dielectric image effects are
included (∆ > 0), the pressure turns repulsive again at
small separations as, e.g., seen for χ = 1 in Fig. 8a and
for κ˜ = 0.32 in Fig. 8c; the other curves with larger χ or
smaller κ˜ in these figures, and also those shown in Fig.
8b, turn repulsive at extremely small separations, where
the counterion-image repulsions eventually dominate and
the multivalent counterions are fully depleted from the
slit region (see also the discussion relating to Figs. 3b
in Section IVB). However, the upturn of the pressure
curves in these latter cases occurs at separations that
are not physically meaningful (insofar as the experimen-
tal realizations of our model are concerned), e.g., around
d˜ ≃ 0.02 (or d ≃ 0.005 nm) for χ = 2, the blue dashed
curve, in Fig. 8a, and, thus, for the sake of presentation,
it has not been shown in the graphs. This, on the other
hand, means that, for sufficiently large χ and χ˜c and/or
sufficiently small κ˜, the stable equilibrium separation be-
tween the slabs (corresponding to the smallest point of
zero pressure as, e.g., seen in Figs. 5a and 6a in the case
of non-disordered surfaces and in Figs. 8a and c in the
case of disordered surfaces) is pushed down to very small
values, where the surfaces are nearly in contact. Indeed,
in the case of disordered (but otherwise effectively like-
charged) surfaces with no interfacial dielectric disconti-
nuity and with counterions only, the disorder-induced at-
traction can become strong enough to cause a continuous
transition to a collapsed state [56, 58].
The disorder-induced non-monotonicity found in the
interaction profiles can be understood by examining the
different components that contribute to the net pressure
as defined in Eqs. (32)-(36). These are the mean surface-
surface repulsion, P˜σ, the interaction pressure due to the
disorder variance, P˜dis, the interaction pressure mediated
by the multivalent counterions, P˜c, and the monovalent
ions contribution, P˜mon. The effects of charge disorder,
the dielectric and salt images are systematically included
in all these components. In Fig. 10a, we show their
behavior as a function of the rescaled inter-surface sep-
aration for Ξ = 50, ∆ = 0.95, κ˜ = 0.3, χ˜c = 0.2 and
χ = 2. In order to enable a comparison between the non-
disordered and disordered cases, we also show the corre-
sponding curves of the non-disordered case with χ = 0
(marked in the legends with the superscript ‘0’). Note
that P˜σ is independent of the disorder strength and de-
cays monotonically with the inter-surface distance. This
contribution is comparable to that from the monovalent
ions P˜mon, which is also repulsive and shows a very weak
dependence on the disorder strength with a slightly larger
(more repulsive) value in the case of disordered surfaces
as compared with non-disordered ones (P˜mon > P˜
0
mon).
This is because, by increasing the disorder strength, more
monovalent ions are attracted to the slit from the bulk,
creating a larger osmotic pressure component. The ef-
fects of surface charge disorder on the multivalent counte-
rions pressure component are quite substantial (compare
P˜c and P˜
0
c ) and most significant at small to intermedi-
ate separations, where the non-disordered contribution,
P˜ 0c (light-blue solid curve) shows a highly non-monotonic
behavior with a repulsive (positive) hump as discussed
in Section IVD, while the disorder contribution, P˜c (red
dashed curve), is attractive (negative) and increases in
strength monotonically as the separation distance be-
comes small. Again, the disorder effects diminish and
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FIG. 10. (Color online) (a) Different components that con-
tribute to the rescaled interaction pressure plotted as a func-
tion of the rescaled inter-surface distance between the slabs
for the cases with disordered (χ = 2) and non-disordered (uni-
formly charged, χ = 0) surfaces. The curves that correspond
to the non-disordered case are marked in the legends with the
superscript ‘0’. The system parameters are Ξ = 50, ∆ = 0.95,
κ˜ = 0.3 and χ˜c = 0.2. For comparison, we also show the vdW
pressure between the slabs. (b) Different rescaled pressure
components for the disordered case for the same parameter
values as in (a) but with χ = 1, 2 and 4.
these two cases converge at separations larger than the
Debye screening length.
The other pressure component that needs to be con-
sidered here is P˜dis that stems from the disorder variance
and exists irrespective of the multivalent counterions in
the system. This contribution is repulsive for ∆ > 0 and
becomes relevant only at very small separations. For the
sake of comparison, we also show the inter-surface pres-
sure generated by the van-der-Waals (vdW) interaction
between two semi-infinite slabs immersed in an ionic mix-
ture (dot-dashed curve). This interaction pressure can be
calculated from the standard Lifshitz theory as (in actual
units) [86]
PvdW = −kBT
∫ ∞
0
QdQ
2π
γ∆2s e
−2γd
1−∆2s e−2γd
− A
6πd3
, (39)
where the first term comes from the zero-frequency mode
of the electromagnetic field-fluctuations and the second
term comes from the higher-order Matsubara frequencies.
A is the so-called Hamaker coefficient, which we take
as A = 3 zJ (upper bound for the non-zero Matsubara
modes in the case of hydrocarbon slabs interacting across
an aqueous medium [87]). For slabs of lower dielectric po-
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FIG. 11. (Color online) Rescaled average number of multiva-
lent counterions in the slit per rescaled surface area as a func-
tion of the rescaled distance between the randomly charged
inner surfaces of two semi-infinite dielectric slabs for a few dif-
ferent values of the disorder coupling parameter, χ, for fixed
κ˜ = 0.3, χ˜c = 0.2, Ξ = 50 and ∆ = 0.95.
larizability than the solvent, such as the cases considered
here, the vdW interaction is attractive. In the figures,
we show the rescaled quantity P˜vdW = βPvdW /(2πℓBσ
2)
for the given parameter values. It is clear from Fig. 10a
that the vdW component has a comparable range and
strength as P˜dis; these two contributions can thus com-
pete at very small separations, and in the absence of mul-
tivalent counterions, generate a non-monotonic interac-
tion profile between randomly charged dielectrics consid-
ered in Refs. [57, 59–63, 74]. These effects are however
masked by the multivalent counterions contribution, P˜c.
If χ is increased further (Fig. 10b), the contribution
of monovalent ions P˜mon changes only slightly (becom-
ing more repulsive as noted before), but the effect of the
increase of χ on both P˜dis (which becomes more repul-
sive) and P˜c (which becomes more attractive) is rather
substantial. Note that P˜dis depends linearly on the pa-
rameter χ according to Eq. (34), while the dependence of
P˜c (and also P˜mon) on χ is nontrivial and occurs through
the effective single-particle energy, Eq. (21).
We can thus conclude that the qualitative differences
found between the interaction pressure curves in the non-
disordered and disordered systems are closely connected
with the behavior of the multivalent counterions contri-
bution, P˜c, that becomes significantly more attractive
and dominant at small to intermediate separations when
the disorder strength is increased, which explains the
trends observed in Fig. 8a). We should emphasize that
the increase in the strength of this attractive component
is due to the fact that a larger amount of multivalent
counterions are pulled into the slit region because of the
stronger counterion-surface attractions in the presence of
disorder, mediating also a stronger inter-surface attrac-
tion. This can be seen by inspecting the average number
of multivalent counterions in the slit as shown in Fig. 11.
A similar behavior is found for P˜c when the rescaled
bulk density of multivalent counterions is increased (Fig.
8b), and/or when the Debye screening length (Fig. 8c)
or the dielectric discontinuity parameter (Fig. 9) are de-
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FIG. 12. (Color online) Same as Fig. 10a but for two different
values of ∆ = 0.25 and 0.95 (the total pressure for these cases
is shown by black solid and black dashed curves, respectively).
creased. For instance, we show the behavior of the differ-
ent pressure components for ∆ = 0.25 (solid curves) and
0.95 (dashed curves) in Fig. 12. Only the two disorder-
induced components, P˜c and P˜dis, show significant varia-
tions with the dielectric discontinuity parameter, ∆. The
changes in the interaction pressure in Fig. 9 can be as-
signed primarily to the changes in the pressure compo-
nent P˜c as, e.g., at larger values of ∆, these ions are
affected more strongly by image repulsions and are de-
pleted more strongly from the slit region, giving a smaller
attractive pressure, P˜c.
V. CONCLUSION AND DISCUSSION
In this paper, we have studied the effective interac-
tions mediated by multivalent counterions between di-
electric slabs that carry a quenched, random monopolar
charge distribution on their juxtaposed, plane-parallel,
inner surfaces. We have considered both a case in which
the Coulomb fluid in the slit between the slabs consists
only of mobile multivalent counterions, and also a case
in which the Coulomb fluid is an asymmetric ionic mix-
ture containing a q : 1 salt (with multivalent counteri-
ons of charge valency q > 1) and a monovalent 1 : 1
salt in equilibrium with a bulk reservoir. Our goal has
been to elucidate the effects due to the coupling between
the charge disorder and electrostatic correlations in the
so-called strong coupling (SC) regime, realized experi-
mentally when the system contains mobile multivalent
counterions, that give rise to strong surface-counterion
correlations and also, to subleading orders, counterion-
counterion correlations. The counter-intuitive phenom-
ena in SC electrostatics, such as attraction between like-
charged surfaces, have been well-studied in the case of
non-disordered (and, in most cases, uniformly charged)
macromlecular surfaces (see, e.g., recent reviews in Refs.
[3–7] and references therein). The SC effects have, how-
ever, remained largely unexplored in the situation where
the bounding (macromolecular) surfaces bear quenched,
disordered charge distributions.
In the weak coupling (WC) regime, where, e.g., all
ions in the Coulomb fluid are monovalent, the quenched
charge disorder on bounding surfaces turns out to have ei-
ther no or only very small effects and does not lead to any
qualitatively new features in the behavior of the Coulomb
fluid [56, 66, 67]. In the SC regime, the interaction of
quenched random charge distributions across a Coulomb
fluid has been considered only within the plane-parallel
counterion-only model with no interfacial dielectric dis-
continuity [56, 58]. It was shown that quenched surface
charge disorder leads to a renormalization (reduction) of
the entropic contributions to the interaction free energy
(corresponding to a renormalized effective temperature),
and that for sufficiently large disorder coupling parame-
ter, i.e., χ ≥ 1, the surfaces undergo a continuous transi-
tion to a collapsed state.
In the present work, we have derived a generalized
dressed multivalent-ion formalism that incorporates di-
electric image effects as well as salt screening and salt
image effects, being applicable to any arbitrary geometry
of the bounding surfaces with disordered charge distribu-
tions. The charge disorder over the bounding surfaces is
assumed to be Gaussian, without any spatial correlations,
with possible generalizations to be discussed elsewhere
[88]. The limiting case of this generalized model in the
case of a single randomly charged dielectric slab has been
discussed recently [64].
We have analyzed the prediction of the present theory
in the specific example of two plane-parallel dielectric
slabs with randomly charged inner surfaces immersed in
an asymmetric Coulomb fluids. We have shown that, in
a dielectrically homogeneous system (with or without ad-
ditional salt), the multivalent counterions are attracted
towards the surfaces with a singular, disorder-induced
potential that diverges logarithmically in the vicinity of
the surfaces; this creates a singular but integrable counte-
rion density profile that exhibits an algebraic divergence
at the surfaces with an exponent that depends on the dis-
order coupling parameter, χ. Remarkably, this behavior
is in contrast with the contact-value theorem, which de-
scribes the behavior of counterions at uniformly charged
surfaces and predicts a finite contact density [79–81].
Our results for the counterion-only case also shed fur-
ther light on the previous findings for this system [56]
that, as noted above, predicted a renormalized entropic
contribution to the interaction free energy. We thus show
here that such a behavior follows as a result of the singu-
lar accumulation of counterions in the immediate vicinity
of the two surfaces, resulting in a renormalized tempera-
ture for the system. This notion of a renormalized tem-
perature should be used with caution because first, this
particular form of the renormalization of the system en-
tropy is found only in the SC limit of the two-surface
counterion-only model, and secondly, one can show that
the renormalization in fact originates from both energetic
and entropic sources. Nevertheless, the interplay between
the translational entropy of strongly coupled counterions
and the (non-thermal) configurational entropy, due to
the averaging over different realizations of the quenched
disorder, does result in the anti-fragile behavior [73] of
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κ˜ = 0.2 0.25 0.3 0.4 χ g (nm−2)
n0 = 68mM 108mM 156mM 279mM c0 =1.1mM χ˜c= 0.1 0.5 0.01
65mM 105mM 153mM 277mM 2.5mM 0.15 1.0 0.02
62mM 101mM 150mM 273mM 4.4mM 0.20 2.0 0.04
57mM 96mM 145mM 268mM 6.9mM 0.25 4.0 0.08
TABLE I. A few typical examples for the actual values of the bulk concentrations n0 and c0, which can correspond to the
typical values we have chosen for the rescaled parameters κ˜ and χ˜c. Here, we have fixed the other parameter values as q = 4
(tetravalent counterions), ℓB = 0.71 nm (corresponding to water with ǫm = 80 at room temperature, T = 293 K) and surface
charge density σ = 0.24 nm−2, which give µ = 0.23 nm and Ξ = 50. We also show the actual values of the disorder variance g,
which can correspond to a few typical values of the disorder coupling parameter χ (see the text for definitions).
multivalent counterions. Antifragility does not only re-
sult in a more ‘ordered’ state, characterized by a dimin-
ished intrinsic thermal ‘disorder’ induced by the exter-
nally imposed disorder, but also in a thermodynamically
more stable state since quenched surface charge disorder
engenders also a lower free energy as compared with a
non-disordered system. The appearance of antifragility
is possibly one of the most fundamental and perplexing
features in the complicated Coulomb world, whose ram-
ifications we are only beginning to unravel.
The singular behavior of the multivalent counterion
density on approach to randomly charged surfaces per-
sists also when the dielectrically homogeneous system
contains an additional monovalent salt component. The
mobile monovalent salt ions generate screening effects at
intermediate to large distances (comparable to the De-
bye screening length), while at small to intermediate dis-
tances from the bounding surfaces, we find a narrow re-
gion where the multivalent counterions are partially de-
pleted from the vicinity of the surfaces because of the salt
image repulsions. This depletion effect arises because of
the inhomogeneous distribution of the monovalent salt
ions in the system (as the slabs are assumed to be imper-
meable to these ions) but its overall effect is quite weak
and, when the surfaces are randomly charged, gives way
to the singular attraction of counterions by disordered
surface charges at small separations.
This salt image (or screening-induced) depletion is
in contrast with the depletion due to dielectric images,
which in dielectrically inhomogeneous systems always
dominates in the vicinity of the dielectric surfaces and
creates an interfacial zone of complete depletion, even
when the bounding surfaces of the slabs are randomly
charged. The reason being the repulsive ion-surface po-
tential generated by the dielectric images that diverges
at a dielectric surface (with ∆ > 0) in a way that over-
comes the disorder-induced attraction experienced by the
multivalent counterions at small distances from the sur-
faces. The amount of multivalent counterions accumu-
lated at some short distance away the dielectric surface
is, however, still overall enhanced because of the disorder-
induced attraction.
We have also analyzed in detail the consequences that
result from the interplay between charge disorder, dielec-
tric and salt images, and the SC effects on the effective
interaction pressure between the slabs. The interaction
pressure shows in general a highly non-monotonic behav-
ior as a function of the separation distance between the
inner surfaces of the slabs. At small to intermediate sep-
arations (e.g., typically within a few nanometers), the SC
effects can be quite significant. They contribute an at-
tractive component to the net interaction pressure that
opposes the repulsive osmotic pressure due to monova-
lent salt ions and the repulsive interaction between the
mean surface charges on the two slabs. In the absence of
disorder, this SC attraction between the two like-charged
surfaces becomes dominant when the bulk concentration
of multivalent counterions is increased and/or when the
salt screening parameter or the dielectric discontinuity
parameter are decreased. Nevertheless, when the inter-
surface separation decreases, the pressure at very small
separations becomes repulsive once again since counteri-
ons are completely depleted from the slit due to dielectric
image repulsions. In the presence of disorder, counteri-
ons are attracted to the surface much more strongly than
in the absence of disorder and a much larger number of
counterions are sucked into the slab region from the bulk.
As a result, the SC attraction mediated by multivalent
counterions between the disordered charged surfaces be-
comes increasingly more enhanced, especially as the dis-
order coupling parameter and/or the bulk concentration
of multivalent counterions are increased. The repulsive
regime at small separations, which could stabilize the sur-
faces in the absence of disorder, is thus squeezed down
to zero due to extremely large attractive pressures acting
on the slabs.
We have presented our results in a rescaled (dimension-
less) form, in terms of a few dimensionless parameters
such as the rescaled screening parameter and the electro-
static and disorder coupling parameters. These param-
eters, for any given set of values, can be mapped to a
wide range of values for the actual parameters, namely,
the counterion and salt bulk concentrations, mean sur-
face charge density, counterion valency, solvent dielec-
tric constant, temperature, etc. A few typical examples
of the physical parameter values that can correspond to
some typical values of the rescaled parameters are shown
in Table I; other sets of physical parameter values are
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conceivable, e.g., by using divalent and trivalent coun-
terions or other surface charge densities, etc. It should
be noted that the range of values we have used for the
disorder coupling parameter, i.e., χ ≃ 0− 4, corresponds
to typically small degrees of charge disorder with disor-
der variances of around g ≃ 0 − 0.08 nm−2 that can be
achieved by relatively small surface density of impurity
charges (. 0.1 nm−2) as compared with the mean num-
ber of surface charges (typically σ . 1 nm−2). In other
words, the effects due to the coupling between surface
charge randomness and the SC electrostatics due to mo-
bile multivalent counterions can be quite significant even
at very small degrees of the surface charge disorder.
The regime of applicability of the dressed multivalent-
ion theory (which can be justified strictly only in the case
of highly asymmetric Coulomb fluids [34]) has been dis-
cussed in detail elsewhere [7, 34–38] by making extensive
comparison with implicit- and explicit-ion simulations in
non-disordered systems, where it is found to be in the
experimentally accessible parameter space. This includes
the situations where electrostatic interactions are strong
enough so that the effects of multivalent counterions next
to an oppositely charged boundary is adequately included
on the lowest order single-particle level [5–7, 14–16, 18].
The higher-order effects of multi-particle interactions be-
tween counterions are assumed to be sufficiently weak for
moderate to high salt concentrations [5, 7, 34–36]. In par-
ticular, the present approach is expected to be applicable
for relatively small (a few mM) bulk concentrations of the
multivalent counterions, which is in fact the typical case
in most experiments (see, e.g., Refs. [20–31]). We expect
that the previously determined regimes of validity hold
also for the present case with randomly charged surfaces,
although this remains to be determined more systemat-
ically through extensive computer simulations that are
still missing for the disordered systems.
Our results yield concrete predictions that can be
tested against these future simulations. The fingerprints
of disorder effects can show up in surface-force measure-
ments as well (see, e.g., Refs. [2, 47, 48, 53, 59–64] and
references therein for charge disorder effects in the con-
text of Casimir force measurements and Refs. [41–45] for
force measurement between surfactant-coated surfaces in
aqueous media). One should, however, note that the pre-
cise statistical distribution of charge disorder in real sys-
tems can be sample and material dependent and it can
vary depending also on the method of preparation. These
points need to be addressed first if the theoretical pre-
dictions are to be compared against experiments.
The present study is based on a primitive model of
Coulomb fluids and makes a few simplifying assumptions
that have been discussed elsewhere in detail (see, e.g.,
Refs. [7, 34–36, 64]). For instance, we have neglected the
solvent structure (see, e.g., Refs. [1, 10, 89–93] and refer-
ences therein), the polarizability of mobile ions (see, e.g.,
Refs. [94, 95] and references therein), specific surface ion-
adsorption effects [96], and the size and internal structure
of the counterions [97]. For multivalent counterions that
can be modeled as spherical particles, their finite size
can be incorporated in our approach in a straightforward
manner as discussed in detail in Ref. [64]. It is impor-
tant to note that most multivalent counterion possess an
internal charge distribution that can introduce higher-
order multipolar effects; these effects can be quite sig-
nificant especially for multivalent counterions that have
an extended structure (see, e.g., Refs. [7, 98] and ref-
erences therein), including rod-like polyamines such as
the trivalent spermidine and tetravalent spermine that
have chain lengths of up to 1-1.5 nm [99]. We plan to
address this issues in future publications. Other cases
that can be studied in the present context in the fu-
ture include spatially correlated surface charge disorder
[60, 63, 88] as well as surfaces with annealed (mobile)
disordered charges [50, 59, 60, 66–71], surfaces with par-
tially quenched or partially annealed charges [58, 72], and
also charge regulating surfaces [71, 100–104].
Another point to be noted is that, in systems con-
taining added monovalent salt, our theoretical approach
may become invalid when the mean electrostatic poten-
tial near the randomly charged surfaces becomes large,
in which case the validity of the underlying DH approx-
imation used for the monovalent ions can break down
[35]. This can happen when the disorder strength is
large and/or when the dielectric discontinuity parame-
ter is small. Other cases that goes beyond the present
framework include the situation where nonlinear charge
renormalization and/or Bjerrum pairing effects become
relevant (see, e.g., Refs. [105–109]). These latter effects,
however, turn out to be negligible in the regime of pa-
rameters that is of interest here [7, 34–36]. These and
other possible issues such as higher-order virial correc-
tions [5–7, 14–16, 18] or the intermediate coupling effects
(see, e.g., Refs. [5–7, 16, 110–113]), the discrete nature of
monovalent salt ions [35], ion-ion excluded-volume repul-
sions [114–118], etc, that may be relevant especially at
intermediate electrostatic couplings and/or large multi-
valent counterion concentrations, remain to be elucidated
in future simulations.
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